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Abstract 
Axisymmetric consolidation in a sand drain foundation is a common problem in foundation engineering. The radial 
consolidation in unsaturated soils is studied on the basis of the framework of Fredlund's one dimensional 
consolidation theory. Then differential quadrature method (DQM) is employed to obtain the solution. Finally, the 
average degree of consolidation for the water and air, variation of excess pore-water pressure at different radius with 
time factor are presented. It is found that the solutions of DQM are accurate and stable. DQM is easy to compile 
computer programs when considering uniform initial pore-water distribution condition. 
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1. Introduction 
Consolidation, as one important issue of geotechnical engineering, is a process of soil volume 
decreasing when soil is subjected to stress increase. For saturated soil, Terzaghi[1] derived the classical 
theory of one-dimensional consolidation. But in real cases, many engineering practices are above the 
water table, thus unsaturated soils which include water, air and solid phases. Many researchers have 
contributed to the theory and analysis of unsaturated consolidation. Biot[2] derived a general theory of 
consolidation for unsaturated soil which had occluded air bubbles. Blight[3] presented a consolidation 
equation for the air phase where the air was in a dry, rigid, unsaturated soil. Based on Biot’s theory of 
consolidation, Scott[4] derived a consolidation equation for unsaturated soils with occluded air bubbles 
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by changing void ratio and degree of saturation. Barden[5] presented an analysis for one-dimensional 
consolidation of compacted, unsaturated clay. Ferdlund and Hasan[6] proposed a three phase, decoupled, 
one-dimensional consolidation theory for unsaturated soils. According to Fredlund’s one-dimensional 
consolidation theory, Darcy’ law and Fick’s law, Qin et al. [7] obtained a semi-analytical solution for 
consolidation of unsaturated soils with free drainage well. 
Finite element method (FEM) and Finite difference method (FDM) are two most popular methods to 
obtain solutions of unsaturated consolidation. Comparing with these two numerical methods, differential 
quadrature method (DQM) is a more efficient numerical method for the rapid solution of linear and 
nonlinear partial differential equations involving one dimension or multiple dimensions. The fundamental 
idea of the DQM is that the derivatives of each node in a continuous function can be expressed as a 
weighted linear sum of function values at all grid points. Malik and Civan[8] have shown that the DQM is 
better than FEM and FDM in numerical accuracy as well as computational efficiency. 
In this paper, on the basis of the framework of Fredlund's one dimensional consolidation theory of 
unsaturated soils, Darcy’s law and Fick’s law, the polar governing equations of excess pore-air pressure 
and pore-water pressure of axisymmetric consolidation are obtained. Then, DQM is employed to obtain 
the solution to the problem. Finally, the behaviours of axisymmetric consolidation of unsaturated soils in 
the sand drain foundation have been analyzed. The average degree of consolidation for the water and air, 
variation of excess pore-water pressure at different radius with time factor are presented. 
2. Governing equations 
2.1. Mathematical model of a sand drain foundation 
The axisymmetric consolidation of unsaturated soils in a sand drain foundation is described in a 
schematic diagram shown in Fig. 1, where H  and er  are the thickness and radius of the unsaturated soil layer. The radius of sand drain is wr . All the surfaces are impermeable to water and air except the wall of 
sand drain. wk  and ak  are the permeability coefficients of water and air and are assumed constants. The coordinate origin is selected at the centre of the top surface and the Z  coordinate is positive downward. 
A uniform loading q  is applied at the top surface of the unsaturated soil layer. The seepage of water and 
air is considered only in radial direction. 
                             
Fig. 1. (a) The sectional view of sand drain foundation; (b) The vertical view of sand drain foundation 
2.2. Governing equations 
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Under the framework of Fredlund's one dimensional consolidation theory of unsaturated soils, Darcy’s 
law and Fick’s law, the polar governing equations of excess pore-air pressure and excess pore-water 
pressure of axisymmetric consolidation are obtained. The governing equations for the water and air 
phases can be written as: 
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;  
wu  and 
au  are the excess pore-water pressure and the excess pore-air pressure, respectively. t  is the time 
domain; 1
w
km  is the coefficient of water volume change with respect to a change in the net normal stress ( )aq u ; 2wm  is the coefficient of water volume change with respect to a change in matric suction ( )a wu u ; w  is the unit weight of water phase 
3(9.81 / )kN m ; R  is the universal air constant 
(8.314 / )J molK ; T  is the absolute temperature ( 298.15K ); g  is the gravitational acceleration; M  is 
the molecular mass of air (29 / )kg kmol ; 0
a
u  is absolute pore-air pressure (i.e. 0 0
a a atmu u u  ); atmu  is 
atmospheric pressure (101.3 )kPa ; 0n  and 0rS  are the initial porosity and initial degree of saturation before loading; 1
a
km  is the coefficient of air volume change with respect to a change in the net normal 
stress ( )aq u ; 2
am  is the coefficient of air volume change with respect to a change in matric suction 
( )a wu u . 
2.3. Boundary and initial conditions 
As shown in Fig.1, the wall of sand drain is permeable and other surfaces are impermeable, the 
boundary conditions for radial consolidation are:  
( , ) ( , ) 0a ww wu r t u r t  ;  ( , ) ( , ) 0a we eu r t r u r t r                                                                     (3) 
The initial condition can be written as: 
0 0( ,0) ; ( ,0)
a a w wu r u u r u                                                                                                                  (4) 
3. Differential quadrature solution  
Bellman et al. [9] and Bellman and Casti[10] introduced DQM as an alternative numerical method for 
solving partial differential equations. DQM is that a partial derivative of a function is approximated by a 
weighted linear sum of the function values at given discrete points. Chen et al. [11] employed DQM to 
solve one-dimensional consolidation problem in multi-layered soils.  
Consider ( )x  on the domain 0 x a   and the domain is dispersed as N  points. According to 
DQM, the general differential quadrature approximation of the function at the ith  discrete point is given 
by: 
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where ( )rikD  are the weighting coefficient, r N . In this paper, the method derived by Quan and 
Chang[12] which uses Lagrange polynomial is adopted to determine the weighting coefficients. 
The soil layer is dispersed in the radial direction and the number of discrete points is N . Then, in order 
to solve the equations conveniently, the local coordinate   was introduced. The relationship between 
local coordinate and integral coordinate is: 
1(0.5 ) (0.5 ) ,( 0.5 0.5)Nr r r                                                                                              (6) 
where r  is the integral coordinate of soil layer and 1r , Nr  are the integral coordinate value of 1th  point 
and Nth  point, respectively. 
The differential of Eq. (6) can be expressed: 
1( )Ndr r r d hd                                                                                                                          (7) 
where e wh r r  . 
The relationship partial differential of local coordinate and integral coordinate by using DQM is shown 
as follows: 
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where wu  and au  are the pore water and pore air pressures of the th  point; 
(1)D  and 
(2)D  are the 
weighting coefficient matrices of the first order and second order derivatives, respectively. 
Let au  = 
au q , wu  = wu q , [1 ( 1) 0.5,2 ( 1) 0.5,...,( 2) ( 1) 0.5]'r N N N N        , 21( );sw w kT k t m h 
 1 1 1
s w a
k k km m m  . Substituting Eq. (8) into the governing equations Eq. (1) and Eq. (2), the governing 
equation for the water phase and air phase by using DQM are as follows: 
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 The boundary condition and initial condition Eq. (3) and Eq. (4) are transformed into: 
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Substituting  Eqs. (11) and (12) into Eqs. (9) and (10), one can obtain: 
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Therefore, the governing equations of water and air were translated into two sets of ordinary 
differential equations (ODE). The solutions of ODEs can be obtained by using Rong-Kutta method. 
4. Case study 
Consider a vertical loading 100q kPa  applied on the top surface of soil layer (Fig.1). Some other 
parameters are initial porosity 0 0.5n  , initial degree of saturation 0 0.8rS  ,
1010 /wk m s , 
-5 1
1 5 10
w
km kPa   , 4 12 2 10wm kPa    , 4 11 2 10akm kPa    , 
4 1
2 10
am kPa  , 0.5wr m , 4.5er m , and 
101.3atmu kPa . Consider an uniform initial excess pore-water and pore-air pressure distribution: 
0 05 , 40
a wu kPa u kPa  . The permeability speed of water is assumed as 1010 /wk m s , the permeability 
ratio of air and water is assumed as / 0.1a wk k   in the analysis.  
In unsaturated soils, the average degree of consolidation with respect to water phase and air phase are 
given by Fredlund and Rahardjo[13]. 
2 2 2 2
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h h h hw a
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where wU , aU  are the average degree of consolidation with respect to water phase and air phase, 
respectively; 0
wu
 and 0
au
 are the initial pore-water and pore-air pressure, respectively. Fig. 2(a) shows the curves of average degree of consolidation with respect to water and air phases. The 
number of discrete points is 9.N   It can be seen that at the value of
4100.1 T , the consolidation of 
air phase and water phase begins. With the increase of time factor T , the consolidation of water phase 
and air phase become faster. Fig. 2(b) shows the variation of excess pore-water pressure at different 
radius with time factor. It can be seen that the closer to the sand drain, the earlier excess pore-water 
pressure begins to dissipate.  
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Fig. 2. (a) The average degree of consolidation U  for the water and air phases with time factor ;T  (b) Variation of excess pore-
water pressures /wu q  at different radius ( )r m  with time factor .T  
(a) (b) 
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5. Conclusion 
In this paper, based on the framework of Fredlund's one dimensional consolidation theory of 
unsaturated soils, the governing equations of axisymmetric consolidation of unsaturated soils are 
presented. Differential quadrature method (DQM) has been employed to obtain the solution. A case study 
has been presented for the analysis of unsaturated consolidation in a sand drain foundation. The average 
degree of consolidation for the water and air and the variation of pore water pressure with time factor at 
different radius have been presented. It is found that the DQ solution delivers accurate and stable 
solutions for unsaturated consolidation problems. Due to the uniform matrix structure of the DQ 
formulations, it is easy to compile computer programs when considering uniform initial pore-water 
distribution conditions. 
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